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MULTI-DEGREE-OF-FREEDOM LINEAR SYSTEMS 

 
Equations of Motion: 

 

Applying Lagrange equations, 
 

We obtain the equations of motion of a discrete elastic mechanical system of n degrees of freedom written 

in matrix form as 

 

Where {Q} is the column of the generalized external forces. 

 
Free Vibration: The Eigen Value Problem 

 

 Undamped Systems:

Equations of motion for undamped free vibration read 
 

The system of equations is a system of second-order differential equations with constant coefficients, 

whose solution can be written as 

 

 

 
Defining 

We get 
 

This represents an eigenvalue problem. 

 Damped Systems:

For free vibration of a damped system, the equations of motion read 
 

The system of equations admits solutions in the form 
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Where s and {q0} are in general complex. After substitution we obtain 
 

This represents an eigenvalue problem of the second order. 

 
Response to an External Applied Load: 

 

For an externally applied load, the equations of motion read 

The solution falls into two categories, the modal superposition technique and numerical methods. 

 The Modal Superposition Technique:

The modal superposition technique consists of transforming the equations of motion into the modal base 

of the associated conservative system. The associated conservative system is obtained by the elimination 

of the damping from the equations of motion. For free vibration, the equations of motion of the associated 

conservative system read 

The solution will give the eigenvalue matrix [λ] and the eigenvector matrix [Q]. Making the 

transformation 

 

Where {η} is the vector of the modal amplitude, the equations of motion read 

 

The result reads 

 

 Numerical Methods:

The modal superposition technique described needs the determination of the modal values of the 

associated conservative system as a first step in the solution procedure, which is a time-consuming 

process, especially if such information will not be used in further analyses. Numerical methods, on the 
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other hand, work directly on the coupled equations of motion and can be basically described as a step-by- 

step successive extrapolation procedure. 

 

Damping Effect: 
 

To include a damping effect in the dynamic formulation, we need to consider the work done by the 

damping forces and include it in Hamilton's principle. Damping forces are difficult, if not impossible, to 

calculate. However, two types of damping forces have been extensively used and will be treated here, 

namely viscous damping and structural damping. 

 Viscous Damping:

A viscous damping arises when a body is moving in a fluid (e.g., a dashpot); in such a case, we can 

assume that the damping force is proportional to the velocity, and we write 

 

The equations of motion of the whole structure read 
 

 

. 

 Structural Damping:

Structural damping, also known as hysteretic or solid damping, is due to internal friction or friction 

among components of the system and is proportional to elastic internal forces and acts in the velocity 

direction. In such cases, if a harmonic motion was assumed for the solution of the problem, we can write 

the damping force as 

 

 

Modeling of continuous systems as multi-degree-of-freedom systems: 
 

Different methods can be used to approximate a continuous system as a multi degree-of-freedom system. 

A simple method involves replacing the distributed mass or inertia of the system by a finite number of 

lumped masses or rigid bodies. The lumped masses are assumed to be connected by mass less elastic and 

damping members. Linear (or angular) coordinates are used to describe the motion of the lumped masses 

(or rigid bodies). Such models are called lumped-parameter or lumped-mass or discrete-mass systems. 

The minimum number of coordinate’s necessary to describe the motion of the lumped masses and rigid 
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bodies define the number of degrees of freedom of the system. Naturally, the larger the number of lumped 

masses used in the model, the higher the accuracy of the resulting analysis. 

 

 Using Newton’s second law to derive equations of motion: 

The following procedure can be adopted to derive the equations of motion of a multi degree of- freedom 

system using Newton s second law of motion: 

1. Set up suitable coordinates to describe the positions of the various point masses and rigid bodies in the 

system. Assume suitable positive directions for the displacements, velocities, and accelerations of the 

masses and rigid bodies. 

2. Determine the static equilibrium configuration of the system and measure the displacements of the 

masses and rigid bodies from their respective static equilibrium positions. 

3. Draw the free-body diagram of each mass or rigid body in the system. Indicate the spring, damping, 

and external forces acting on each mass or rigid body when positive displacement and velocity are given 

to that mass or rigid body. 

4. Apply Newton s second law of motion to each mass or rigid body shown by the free body diagram as 
 

or 
 

 

Influence coefficients: 
 

The equations of motion of a multi degree-of-freedom system can also be written in terms of influence 

coefficients, which are extensively used in structural engineering. Basically, one set of influence 

coefficients can be associated with each of the matrices involved in the equations of motion. The 

influence coefficients associated with the stiffness and mass matrices are, respectively, known as the 

stiffness and inertia influence coefficients. In some cases, it is more convenient to rewrite the equations of 

motion using the inverse of the stiffness matrix (known as the flexibility matrix) or the inverse of the 

mass matrix. The influence coefficients corresponding to the inverse stiffness matrix are called the 

flexibility influence coefficients, and those corresponding to the inverse mass matrix are known as the 

inverse inertia coefficients. 

 

 
Stiffness influence coefficients: 
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For a simple linear spring, the force necessary to cause a unit elongation is called the stiffness of the 

spring. In more complex systems, we can express the relation between the displacements at a point and 

the forces acting at various other points of the system by means of stiffness influence coefficients. 

 
 
 

Multi degree-of-freedom spring-mass system. 

The following aspects of stiffness influence coefficients are to be noted: 

1. Since the force required at point i to cause a unit deflection at point j and zero deflection at all other 

points is the same as the force required at point j to cause a unit deflection at point i and zero deflection at 

all other points. 

2. The stiffness influence coefficients can be calculated by applying the principles of statics and solid 

mechanics. 

3. The stiffness influence coefficients for torsional systems can be defined in terms of unit angular 

displacement and the torque that causes the angular displacement. 

 

Flexibility influence coefficients: 
 

The generation of the flexibility influence coefficients, proves to be simpler and more convenient than 

stiffness influence coefficients. 
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The flexibility influence coefficients of a multi degree-of-freedom system can be determined as follows: 

1. Assume a unit load at point j. By definition, the displacements of the various points resulting from this 

load give the flexibility influence coefficients, thus can be found by applying the simple principles of 

statics and solid mechanics. 

2. After completing Step 1 for the procedure is repeated for 

3. Instead of applying Steps 1 and 2, the flexibility matrix, [a], can be determined by finding the inverse 

of the stiffness matrix, [k], if the stiffness matrix is available. 

 

Inertia influence coefficients: 
 

The elements of the mass matrix, mij, are known as the inertia influence coefficients. 

In matrix form 
 

 

The velocity and impulse vectors given by 
 

The mass matrix given by 
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Potential and kinetic energy expressions in matrix form: 
 

The elastic potential energy (also known as strain energy or energy of deformation) of the ith spring is 

given by 

The total potential energy can be expressed as 

 

In matrix form as 

The stiffness matrix is given by 

 

The kinetic energy associated with mass mi is, by definition, equal to 

In matrix form as 
 

 

It can be seen that the potential energy is a quadratic function of the displacements, and the kinetic energy 

is a quadratic function of the velocities. Hence they are said to be in quadratic form. Since kinetic energy, 

by definition, cannot be negative and vanishes only when all the velocities vanish, and are called positive 

definite quadratic forms and the mass matrix [m] is called a positive definite matrix. 

 

Generalized Coordinates and Generalized Forces: 
 

The equations of motion of a vibrating system can be formulated in a number of different coordinate 

systems. As stated earlier, n independent coordinates are necessary to describe the motion of a system 

having n degrees of freedom. Any set of n independent coordinates is called generalized coordinates, 

usually designated by q1, q2, q3…..qn. The generalized coordinates may be lengths, angles, or any other 

set of numbers that define the configuration of the system at any time uniquely. They are also independent 

of the conditions of constraint. 
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The configuration of the system can be specified by the six coordinates 
 

 

Triple pendulum 

(xj, yj), j = 1, 2, 3. However, these coordinates are not independent but are constrained by the relations 
 

 
 

Lagrange s Equations to Derive Equations of Motion: 
 

The equations of motion of a vibrating system can often be derived in a simple manner in terms of 

generalized coordinates by the use of Lagrange s equations. Lagrange equations can be stated, for an n- 

degree-of-freedom system, as 

The generalized force can be computed as follows: 
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Thus the equations of motion of the vibrating system can be derived, provided the energy expressions are 

available. 

 

Equations of Motion of Undamped Systems in Matrix Form: 
 

The equations of motion of a multi degree-of-freedom system in matrix form from Lagrange s equations. 

The kinetic and potential energies of a multi degree-of-freedom system can be expressed in matrix form 

as 

 

Where the column vector of the generalized coordinates 
 

From the theory of matrices, 
 

All the relations represented can be expressed as 
 

Differentiation of Equation with respect to time gives 
 

 

 
 



Mechanical Vibrations 

Source from “Mechanical Vibrations” by SS RAO. 

 

 

 

So the equations of motion become 
 

 

Eigen value Problem: 
 

Assuming a solution of the form 
 

The configuration of the system, given by the vector 

 

 

 

 

 

 
is known as the mode shape of the system. 

 

From which we can obtain the relations 

 
 

The solution of Equation can be expressed as 
 

Where constants known as the amplitude and the phase angle, respectively. 

 

Solution of the Eigen value Problem: 
 

Equation 
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Can also be expressed as 
 

By premultiplying we obtain 
 

Where [I] is the identity matrix and 
 

is called the dynamical matrix. The eigenvalue problem is known as the standard eigenvalue problem. 

 

Expansion Theorem: 
 

The eigenvectors, due to their property of orthogonality, are linearly independent. If x is an arbitrary 

vector in n-dimensional space, it can be expressed as 

The value of the constant Ci can be determined as 
 

 

is known as the expansion theorem . 

It is very useful in finding the response of multi degree-of-freedom systems subjected to arbitrary forcing 

conditions according to a procedure called modal analysis. 

 

Unrestrained Systems: 
 

Consider the equation of motion for free vibration in normal coordinates: 
 

The eigenvalue problem can be expressed as 
 

That is, 
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If the system under goes rigid-body translation. The potential energy is given by 
 

An unrestrained system is also called a semidefinite system. 

 
Free Vibration of Undamped Systems: 

 

The equation of motion for the free vibration of an undamped system can be expressed in matrix form as 
 

 

The most general solution can be expressed as a linear combination of all possible solutions given by 
 

 

If 
 

Denote the initial displacements and velocities given to the system, 

 

It can be solved to find the n values of Ai. 



Mechanical Vibrations 

Source from “Mechanical Vibrations” by SS RAO. 

 

Forced Vibration of Undamped Systems Using Modal Analysis: 
 

When external forces act on a multi degree-of-freedom system, the system undergoes forced vibration. 

For a system with n coordinates or degrees of freedom, the governing equations of motion are a set of n 

coupled ordinary differential equations of second order. The solution of these equations becomes more 

complex when the degree of freedom of the system (n) is large and/or when the forcing functions are 

nonperiodic. 

In such cases, a more convenient method known as modal analysis can be used to solve the problem. In 

this method, the expansion theorem is used, and the displacements of the masses are expressed as a linear 

combination of the normal modes of the system. This linear transformation uncouples the equations of 

motion so that we obtain a set of n uncoupled differential equations of second order. The solution of these 

equations, which is equivalent to the solution of the equations of n single-degree-of-freedom systems, can 

be readily obtained. 

 

Modal Analysis:- 
 

The equations of motion of a multi degree-of-freedom system under external forces are given by 

To solve Equation by modal analysis, it is necessary first to solve the eigenvalue problem. 
 

the solution vector of Equation can be expressed by a linear combination of the normal modes 
 

can be rewritten as 

 

Where 
 

The initial generalized displacements and the initial generalized velocities can be obtained from the initial 

values of the physical displacements and physical velocities as: 

 



Mechanical Vibrations 

Source from “Mechanical Vibrations” by SS RAO. 

 

 

 
 

Where 
 

 
Forced Vibration of Viscously Damped Systems: 

 

Modal analysis, applies only to undamped systems. In many cases, the influence of damping upon the 

response of a vibratory system is minor and can be disregarded. However, it must be considered if the 

response of the system is required for a relatively long period of time compared to the natural periods of 

the system. Further, if the frequency of excitation (in the case of a periodic force) is at or near one of the 

natural frequencies of the system, damping is of primary importance and must be taken into account. In 

general, since the effects are not known in advance, damping must be considered in the vibration analysis 

of any system. In this section, we shall consider the equations of motion of a damped multidegree-of- 

freedom system and their solution using Lagrange s equations. If the system has viscous damping, its 

motion will be resisted by a force whose magnitude is proportional to that of the velocity but in the 

opposite direction. 

It is convenient to introduce a function R, known as Rayleigh s dissipation function, in deriving the 

quations of motion by means of Lagrange s equations. This function is defined as 

 

Where the matrix [c] is called the damping matrix and is positive definite, like the mass and stiffness 

matrices. Lagrange s equations can be written as 

 

The equations of motion of a damped multi degree-of-freedom system in matrix form: 



Mechanical Vibrations 

Source from “Mechanical Vibrations” by SS RAO. 

 

 

After substitution, we obtain 

can be rewritten as 

 

The solution can be expressed as 

Where 
 
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 
 


